Abstract. We give a construction of G 2 and Spin(7) instantons on exceptional holonomy manifolds constructed by Bryant and Salamon, by using an ansatz of spherical symmetry coming from the manifolds being the total spaces of rank-4 vector bundles. In the G 2 case, we show that, in the asymptotically conical model, the connections are asymptotic to Hermitian Yang-Mills connections on the nearly Kähler S 3 × S 3 .
Introduction
A natural situation in which to study gauge fields is when the Riemannian manifold (M, g) has a special holonomy group, in which case the holonomy group determines a subalgebra g ⊆ Λ 2 . For G 2 , Spin(7) and Calabi-Yau manifolds, if the curvature F A of a connection lies in g, the connection automatically satsfies the Yang-Mills equations.
Following the constructions of Bryant and Salamon, and of Joyce, the study of gauge fields on reduced holonomy manifolds was formulated in the physics literature (see for example [AOS, BKS] ) and also in mathematics (see [DT, Ti] ). Existence theorems have been given on both compact and non-compact spaces in, for example, [S, W, FN, HILP, IP] .
Here we consider the problem of constructing solutions to the instanton equation on the non-flat manifolds of reduced holonomy that were obtained by Bryant and Salamon. In [BS] a number of complete metrics of holonomy exactly G 2 and Spin(7) were constructed. Their work stemmed from a principal bundle construction to obtain a family of non-degenerate differential forms that depend on 2 functions of one variable. In each given case they were able to solve a system of ordinary differential equations so as to obtain a metric g γ of exceptional holonomy.
The differentiable manifolds that support the metrics are the total spaces of rank 3 and 4 vector bundles over 3 and 4-dimensional manifolds. In one example for the group G 2 , the manifold X is given as the total space of the spinor bundle S → S 3 over the three-sphere. The metric g γ is then given by g γ = 4(1 + r) −1/3 dσ 2 + 3(1 + r) 2/3 ds 2 where ds 2 is the pullback of the round metric tensor on S 3 and dσ 2 is a quadratic form on X that restricts to the fibres of the spinor bundle to be the standard flat metric. That is, g γ restricts to the fibres to be conformally equivalent to the flat metric on R 4 .
The original ansatz used to obtain instanton solutions to the Yang-Mills equations in 4-dimensions was to use the assumption of spherical symmetry, and to construct A = Im(xdx) 1 + |x| 2 (1.1) so that ∇ = d + A is an SU (2)-connection with self-dual curvature on R 4 (see [BPST] ). Date: May 11, 2014. In the example at hand, we take the su(2)-valued form
and construct a connection whose curvature lies in the subspace g 2 ⊗ su(2) ⊆ Λ 2 ⊗ su(2). Neither the quaternion-valued function a or form α are well defined on X, but the form A 1 is well-defined. We set r = |a| 2 = aā to be the squared fibre radius function on S. This function is well-defined on X.
Theorem 1.1. Let X be the total space of the spinor bundle over the round S 3 of constant curvature κ, equipped with the G 2 -holonomy metric that is determined by the form γ constructed by Bryant and Salamon. For any C > −3 let f (r) be the function f (r) = 2 3(r + 1) + C(r + 1) 1/3 .
Then the connection ∇ = d + f (r)A 1 defines a non-trivial G 2 -instanton on the trivial rank 2 complex vector bundle over X. The connections are invariant under the group SU (2) 3 of isometries of X.
The first statements of this result are proven in Section 4. The statement on the invariance is shown in Section 5.
It has also been noted that the metrics of Bryant and Salamon are asymptotically conical. That is, outside of sufficiently large compact sets, the metric g γ is arbitrarily close to a conical metric
The closeness is measured with respect to the conical metric. A consequence of (X, g γ ) having G 2 holonomy is that (S 3 × S 3 , g) must be nearly Kähler. This is to say that it admits an almost-complex structure compatible with the metric and a complex (3, 0)-form that satisfies certain differential relations with the Hermitian form of the metric. In this context we can consider the Hermitian Yang-Mills equations for connections on principal and vector bundles over S 3 × S 3 . We have the following result on the asymptotic behaviour of the connections constructed in Theorem 1.1. Theorem 1.2. There exists a non-flat Hermitian Yang-Mills connection A on the trivial C 2 bundle over S 3 ×S 3 such that every G 2 -instanton on X constructed in Theorem 1.1 is asymptotic to the pull-back of A to
This result is demonstrated in Section 5.
To the author's knowledge, this example was previously unknown, though it would be interesting to understand it in comparison with the works of Bryant, and Harland and Nölle [B, HN] .
The results in this paper have much in common with the recent work of Oliveira [O] . The principal difference is that he considers monopoles and instantons on the other G 2 metrics of Bryant and Salamon, those being total spaces of rank-3 vector bundles over 4-manifolds. The convenient model for the metric in that case is that of [CGLP] , rather than the original model of Bryant and Salamon.
The Bryant-Salamon construction for metrics of Spin(7)-holonomy involves considering the negative spinor bundle on S 4 and constructing a non-degenerate 4-form. Bryant and Salamon solved a system of ODE's to obtain an example for which the form Ψ is closed. We are able to construct a Spin(7)-instanton with structure group SU (2) for this Spin(7) structure. 
where φ is pulled back from the connection on S − for the round metric on S 4 , and A 2 = Im(āα) is an equivariant 1-form on E Y . f (r) is a function on X that depends only on the radius in the S − -fibre directions.
Theorem 1.3. Let Y be the total space of the negative spinor bundle on S 4 , equipped with the Spin(7)-holonomy metric of Bryant and Salamon. Let E Y be the associated SU (2)-bundle on Y and let f (r) be the function
where D > −1 is a constant. Then the connection A = φ + f A 2 defines a non-trivial Spin(7)-instanton on E Y with structure group SU (2).
The connection form A is defined only away from the set {r = 0} in Y , that being the image of the zero section of S − . This theorem is proved in Section 6.
Gauge theory on G 2 manifolds
We now consider manifolds of G 2 holonomy and derive the first order instanton equation in this context.
For any Riemannian metric g, the condition that Hol(g) ⊆ G 2 is equivalent to the existence of a non-degenerate 3-form ϕ such that
Any non-degenerate 3-form ϕ algebraically determines a unique metric g ϕ and if (2.1) holds then the uniqueness of the Levi-Civita connection implies that ∇ g = ∇ ϕ is the Levi-Civita connection for the metric g ϕ . Then, the non-linear equation in ∇ ϕ ϕ = 0 is equivalent to the equations
where * ϕ is the Hodge dual operator for the metric g ϕ .
The reducibility of the action of G 2 on Λ 2 R 7 implies that on a G 2 -manifold X there exists a decomposition
into the direct sum of sub-bundles of ranks 7 and 14 respectively. Λ 2 14 is equal to the kernel of the map * ϕ ∧ · : Λ 2 → Λ 6 .
The subspaces Λ 2 7 and Λ 2 14 are eigenspaces of the map α → * (ϕ ∧ α). With the conventions of [BS] ,
Similarly, the holonomy of an 8-dimensional Riemannian manifold (Y, g) being contained in Spin (7) is equivalent to the existence of a non-degenerate 4-form Ψ that satisfies dΨ = 0.
and each summand is an eigenspace for a linear map. That is,
where * is the Hodge operator * : Λ 6 → Λ 2 .
Definition 2.1. Let E be a vector bundle over a G 2 -manifold (X, ϕ) . A G 2 -instanton on E is a connection A whose curvature satisfies * ϕ ∧ F A = 0.
Remark 2.2. The factors in the decomposition (2.2) are each eigenspaces (at each point) for the operator α → * (ϕ ∧ α) so one could equally well define an instanton to be a connection A that satisfies * (ϕ ∧ F A ) = F A .
Definition 2.3. Let E be a vector bundle over a Spin(7)-manifold (Y, Ψ). A Spin(7)-instanton on E is a connection A whose curvature satisfies * (Ψ ∧ F A ) = F A .
The manifolds of Bryant and Salamon
Let (M, g) be a 3-dimensional Riemannian manifold, with F → M the principal coframe bundle. F is then equipped with a canonical ImH ∼ = su(2)-valued 1-form ω and Levi-Civita connection form φ. LetF be a spin structure for M , in the sense thatF is a double cover of F compatible with the covering of SO(3) by SU (2). The form ω onF satisfies R *
Assume that M has constant positive sectional curvature. This means that ω and φ satisfy the relation
where Ω = 1 2 ω ∧ ω = ω 23 i + ω 31 j + ω 12 k and where κ > 0 is a constant. The bundle of spinors on M is given as S = (F × H)/SU (2) where SU (2) acts on the two factors on the right. Let X = S be the 7-dimensional manifold given as the total space of this bundle. Then E X =F × H can be considered a principal SU (2)-bundle over X.
The forms ω and φ can be considered forms on E X with values in ImH. Also, we consider the map a :F × H → H given by projection to the second factor and the form α = da − aφ on E X .
Then we write
The form α satisfies R * g α = αg so we have R *
We can define 3 and 4-forms on E X
The forms γ 1 , γ 2 , ψ 1 , ψ 2 vanish when contracted by elements of the kernel of π * : T E X → T X and are invariant under the action of SU (2) on E X . For example, γ 2 = ω, B is given by the Ad-invariant Killing form on su (2), evaluated on the forms ω and B. Then,
As such they are each pull-backs to E X of 3 and 4-forms on X.
Then, for smooth functions f and g, depending only upon the squared radial function r = |a| 2 , we set γ = f 3 γ 1 + f g 2 γ 2 . This is a non-degenerate 3-form in the sense of G 2 -geometry and so determines a metric and orientation with respect to which the Hodge dual of γ is given by
Then,
Bryant and Salamon show that for the functions
the form γ is closed and coclosed and hence determines a torsion-free G 2 structure on X. Furthermore, Bryant and Salamon show that the metric is complete and irreducible. In particular,
For future reference, we note that
In our second example, we consider the complete 8-dimensional Riemannian manifold with Spin(7) holonomy that is constructed by Bryant and Salamon. The manifold Y is the total space of the negative spinor bundle over the round 4-sphere. That is, just as in the previous example, Y is the total space of a rank-4 vector bundle over a space-form.
Let π :F → S 4 be the principal coframe bundle over M = S 4 and let F be the spin double cover ofF. That is, F is a principal bundle over S 4 with structure group Spin(4) = SU (2) × SU (2). F canonically admits an H-valued 1-form ω and we set Ω = 1 2ω ∧ ω. The Levi-Civita connection onF consists of two su(2)-valued 1-forms ξ and φ that satisfy
and the Riemannian curvature tensor is given in the form of su(2)-valued forms Φ = dφ + φ ∧ φ and Ξ = dξ + ξ ∧ ξ. The condition that S 4 is Einstein and with self-dual Weyl curvature is equivalent to the identity
where the constant κ > 0 is a multiple of the scalar curvature.
We consider the representation of Spin(4) on H given by
The associated vector bundle S − = (F × H)/Spin(4) is the negative spinor bundle of S 4 . We denote this space by Y when considering this as a smooth 8-dimensional manifold. Let a : F × H → H denote the projection onto H and let α = da − aφ. The basic 1-forms on F × H, with respect to the projection to Y are then spanned at each point by the components of the forms ω and α.
We consider the differential forms on F × H :
As in the G 2 case, it can be noted that the forms Ψ 1 , Ψ 2 , Ψ 3 are invariant under the action of Spin(4) and so descend to forms on Y . For any positive functions σ, τ on Y , the form
is non-degenerate in the sense that at every point it can be identified with the fundamental 4-form on R 8 . Ψ defines a reduction of the structure group of X to Spin(7) and the associated metric is given by
As in the G 2 case, Bryant and Salamon took the ansatz that σ and τ depend only on r = aā. They were able to show that for
the form Ψ is closed, and so the holonomy is contained in Spin(7). They furthermore show that the holonomy of this metric is equal to Spin(7).
The form φ is invariant under the action of SU (2) × {1} and so descends to define a connection form on E Y with curvature given by Φ = κ/2Ω. We will use φ as a base-point in the set of connections on E Y to construct a Spin(7)-instanton.
G 2 -Instantons on the spinor bundle of S 3
The manifold X constructed by Bryant and Salamon supports a principal fibre bundle E X . In this section we construct a connection A on E X whose curvature satisfies * γ ∧ F A = 0. That is, A is a G 2 -instanton. The curvature is given by
These 1-forms, which take values in su(2), are invariant under the action of SU (2) on E X and vanish on the kernel of the projection π * : T E X → T X. They are therefore pull-backs of forms on X. We consider the connection A = f A 1 + gA 2 where f and g are functions only of the squared radius function r = aā. We then have
These forms are well behaved when we differentiate and multiply them.
Lemma 4.1.
Proof. The proofs of these assertions follows very quickly from the definitions. The only delicate point stems from the non-commutation of forms and functions when they are quaternion-valued.
In the case at hand this can be dealt with using the form dr = αā + aᾱ =ᾱa +āα and noting that dr is a real-valued 1-form so anti-commutes with all ImH-valued 1-forms. For example, we have
We next note that if β = Imϕ is an ImH-valued 1-form, then β ∧ β = ϕ ∧ ϕ =φ ∧φ. We then have
The curvature of A is then equal to
We denote by F 1 , . . . , F 5 the terms in this expression, omitting the functional multiples. That is,
The first equation is simplified in this form because we see that ϕ ∧ ϕ =φ ∧φ when ϕ is a quaternion-valued 1-form.
One can see that these forms are pointwise linearly independent as follows. By considering self-duality and anti-self-duality in the α variable, and the number of directions in the α and ω variables respectively it is clear that the only possible linear relation between the F i terms could be between F 4 and F 5 . At the point a = 1, F 4 = dr ∧ A 2 = 2α 0 ∧ ω and
and one sees that the forms are independent for a = 1. From their evident invariance properties, one sees that they are similarly linearly independent for all other values of a.
We recall the differential form ψ = σψ 1 + τ ψ 2 = * γ γ that is constructed by Bryant and Salamon, where σ and τ are functions. The forms ψ 1 and ψ 2 are given by
Lemma 4.3. The curvature terms satisfy
We have that A 2 = aωā so
Here we have used the identity Im(φϕφ) = −3Im(ϕϕφ) for any H-valued 1-form, which can be quickly verified. Finally,
The above calculations have proved the following lemma.
for Φ 1 = 2aΩā ∧ α 0123 and Φ 2 = Im(αᾱαā) ∧ ω 123 . In particular, A is a G 2 -instanton if f and g satisfy the system
This system potentially gives a large family of solutions to the instanton equation. The complication in developing this idea is that this non-linear system is difficult to solve explicitly, or even to determine the asymptotic behavior of any solutions. We simplify the situation by observing that specifying g ≡ 0 satisfies the second equation. That is, a connection A = f A 1 is a G 2 -instanton if f satisfies the ordinary differential equation
We recall that in the case of the manifold of G 2 -holonomy of Bryant and Salamon, −κσ 4τ = 1 3 1 1 + r so f must satisfy
This is a Riccati-type equation, and can hence be readily studied. If we pre-suppose that f = y ′ /y then y satisfies the equation
which has solution
This leads to the general solution to (4.2) f (r) = 2 3(r + 1) + C(r + 1) 1/3 .
If the constant C is greater than −3, this function is smooth for all (non-negative)-values of r, and the connection A is defined on all of X.
Asymptotic behaviour of the G 2 -instantons
In this section we use r to denote the radius function, so that r 2 = aā. This changes the formulae for the metric and connection, by replacing r by r 2 . In the following section, we will revert to the previous choice, and to the notation of Bryant and Salamon. Also, for simplicity we consider only the case of the constant κ = 1 in this section.
The metrics of Bryant and Salamon were also discovered, almost contemporaneously, by Gibbons, Page and Pope [GPP] and the G 2 -metrics are also studied in detail by Atiyah and Witten [AW] . In those papers the asymptotic behaviour of the metrics is emphasised, and it is shown that the metrics are asymptotically conical, with conic end a homogeneous nearly Kähler 6-manifold. In the case at hand, the end is given by S 3 ×S 3 , but not with the bi-invariant metric. In this section we use the asymptotically conical model to study the asymptotic behaviour of the connection A = f A 1 constructed in the previous section.
We first note that S 3 can be expressed as a symmetric space by the quotient S 3 = (S 3 × S 3 )/∆, where the subgroup ∆ is the diagonal subgroup ∆ ⊆ S 3 × S 3 acting on the right. This allows us to explicitly identify S 3 × S 3 as being the spin bundleF . The fundamental 1-forms ω and φ onF are then given by ω = 1 2 (θ 1 − θ 2 ) and φ = 1 2 (θ 1 + θ 2 ) where the θ i are the Maurer-Cartan forms (with values in su(2)) for the two factors, pulled back to S 3 × S 3 . Then, the manifold X that supports the G 2 -metric is given by X = (S 3 × S 3 × H)/S 3 , with S 3 acting again on the right. We will take polar coordinates on H, so that the form α = da − aφ determines the symmetric tensor
where θ 3 denotes the Maurer-Cartan form on S 3 ⊆ H, that being the third factor in the expression
The metric g γ of Bryant and Salamon is then given by
For the squared terms ω 2 and (θ 3 −φ) 2 in this expression, we take sum of the symmetric products of the coefficients of i, j and k in each case. Written in this form, it becomes evident that the metric is of cohomegeneity one, with the group S 3 × S 3 × S 3 acting on S 3 × S 3 × H on the left and preserving the level sets of r. These transformations preserve the forms θ i , and hence also φ. If we use the change of radial variable ρ = 3(1 + r 2 ) 1/3 one sees that
and so the metric can be expressed as
In this form we can recognise the asymptotic behaviour of the metric. As ρ goes to infinity, the metric g γ converges to a conical metric
This is to say that the metric of Bryant and Salamon is asymptotically conical, with the limit being a cone over S 3 × S 3 equipped with the metric
One can furthermore say that the rate of convergence to the conical model is O(ρ −3 ) [KL] .
Proposition 5.1. Let (M, g) be an oriented 6-dimensional Riemannian manifold. A reduction of the structure group from SO(6) to SU (3) is determined by forms ̟ ∈ Ω 2 (M ), Ω 1 , Ω 2 ∈ Ω 3 (M ) that satisfy the relations
Proof. See for example, [H] . This is to say that the forms Ω 1 and Ω 2 determine an almost-complex structure on M compatible with the metric such that Ω = Ω 1 + iΩ 2 is of type (3, 0) and ̟ is the associated Hermitian form.
Definition 5.2. Let (M, g) be a 6-dimensional Riemannian manifold. The Riemannian cone C(M ) over (M, g) is given by the metric h = dr 2 + r 2 g on R + × M . A conical G 2 -metric is a Riemannian cone metric with holonomy contained in G 2 .
Proposition 5.3. Let (C(M ), h) be a conical G 2 -metric. The fundamental 3 and 4 forms can be expressed as
where the differential forms ̟ ∈ Ω 2 (M ), Ω 1 , Ω 2 ∈ Ω 3 (M ) define an SU (3) structure on M and satisfy
Proof. The forms are defined by contracting by the radial vector field, whose flow is by homotheties. For ϕ to be closed and coclosed, the forms must be related as in Equation (5.2).
Definition 5.4. A (6-dimensional) Nearly-Kähler manifold is a Riemannian manifold (M 6 , g) with structure group reduced to SU (3) by forms ̟, Ω 1 , Ω 2 that satisfy Equation (5.2).
Proposition 5.5. The three and four-forms γ and * γ on S 3 × H given by the Bryant-Salamon construction are expressed in the new coordinate system as
As ρ goes to infinity, these forms respectively converge to
We note here that in the squared terms here, for example ω 2 , we are taking the exterior product of Im(H)-valued 1-forms, rather than the symmetric product as above.
Proof. In the following calculations we repeatedly use the identityāα =āda − r 2 φ = d(
2 ) + r 2 (θ 3 − φ), which can be readily verified. We recall that γ = f 3 γ 1 + f g 2 γ 2 where γ 1 = ω 123 and γ 2 = −1 2 Re(ω ∧ᾱ ∧ α). We also observe that f g 2 = 4 √ 3 and f 3 = 3
which is sufficient to prove Equation (5.4). The asymptotic limit is obtained by taking the dominant powers of ρ, and observing that the remainder tends to zero in the metric g con for large ρ.
For the other term ψ = * γ, we first recall that g 4 = 16(1 + r 2 ) −2/3 = 16 · 9/ρ 2 and that f 2 g 2 = 3.4(1 + r 2 ) 2/3 (1 + r 2 ) −1/3 = 4ρ. Then,
Putting these terms together as ψ = g 4 ψ 1 − f 2 g 2 ψ 2 gives the desired formula for ψ = * γ.
As such, we can define the forms ̟, Ω 1 and Ω 2 that define an SU (3) structure on S 3 × S 3 :
Furthermore one can show without trouble that 1 2
as dictated by the decomposition of the conical 4-form in Proposition 5.3. If we return to the definition of the metric on S 3 × S 3 in Equation (5.1) we can give an orthonormal coframe. If we write ω = ω 1 i + ω 2 j + ω 3 k and θ 3 − φ = τ 1 i + τ 2 j + τ 3 k, then setting σ β = 1/ √ 3ω β (for β = 1, 2, 3) and σ β = 2/3τ β−3 (for β = 4, 5, 6) gives an orthonormal coframe on S 3 × S 3 . The volume form is then given by dvol = 
We now return to the connection A = f (r)A 1 constructed on a trivial SU (2)-bundle over X.
Definition 5.6. Let (M 6 , g) be a Nearly Kähler manifold with structure determined by the forms ̟, Ω = Ω 1 + iΩ 2 . Let P → M be a principal G-bundle on M . A connection A on P is Hermitian Yang-Mills if its curvature satisfies the conditions
This is to say that the curvature is a primitive (1, 1)-form on M , with respect to the almostcomplex structure and hermitian form given on M . Hermitian Yang Mills connections were first defined and studied on non-integrable almost-complex manifolds by Bryant [B] , and subsequently studied on Nearly Kähler manifolds by Xu [X] and Oliveira [O] .
A 1 is given by A 1 = Im(aᾱ) so
3 . This form is defined on S 3 × S 3 × S 3 but is invariant by the right action of the diagonal subgroup ∆ and vanishes along the orbits of that group. We will in the following write g for g 3 . The connection A constructed in the previous section is then given by
This connection, defined as a differential form on S 3 × S 3 × H, is invariant under the right action of the diagonal group ∆ ⊆ S 3 × S 3 × S 3 , but it is also invariant under the left action of the full group (S 3 ) 3 , and so has the same level of symmetry (or at least the same identity component) as the metric g γ . As ρ goes to infinity, this connection converges on the conical end to the pull-back from the slice S 3 × S 3 of the connection
We can now restate and prove Theorem 1.2.
Theorem 5.7. The asymptotic limit connection A is a Hermitian Yang-Mills connection on the trivial SU (2)-bundle over S 3 × S 3 .
Proof. We can use the identities dg = gθ 3 , dg −1 = −θ 3 g −1 , dθ 3 = −θ 3 ∧ θ 3 and dφ = −φ ∧ φ − 1 4 ω ∧ ω to show that the curvature form A satisfies
Firstly, from Equation (5.6) it is clear that F A ∧ ω 2 = 0. For Ω 2 from Equation (5.5), we then see that
with a similar calculation for Ω 1 . This completes the proof of Theorem 1.2.
6. Spin (7)-Instantons on the negative spinor bundle of S
4
In this section we prove Theorem 1.3 and construct explicit Spin(7)-instantons with structure group SU (2) on the 8-dimensional manifold of Bryant and Salamon equipped with the Spin (7)holonomy metric. That is, let F be the spin structure for the round metric on S 4 , and Y = (F ×H)/Spin(4) the negative spinor bundle, considered as an 8-dimensional manifold. P = F ×H is a principal Spin(4) = SU (2) × SU (2) bundle and
The Levi-Civita connection θ = ψ + φ pulls back to F × H and the form φ descends to E Y to define a connection with structure group SU (2). Let A 1 be the su(2) = Im(H)-valued 1-form on P defined by
where a and α are defined in Section 3. A 1 descends to an equivariant form on E Y but all calculations will be performed on P. Then, A 1 is equal to zero on vectors tangent to the fibres of P → X and is equivariant in the sense that
For any SU (2)-invariant function on E Y , the form A = φ + f A 1 defines a connection on E Y . We will suppose that f depends only on r =āa. The curvature of A is equal to
Lemma 6.1. We can simplify the forms as follows.
Proof. We first recall the formulae from Bryant and Salamon,
where Ω = 1/2ω ∧ ω. Then,
For the second identity,
This calculation follows from the observation that if
With respect to this decomposition, the curvature term F A can be expressed as
We denote the three terms by
where * is the Hodge dual operator. The fundamental 4-form on X is given by Ψ = σ 2 Ψ 1 + στ Ψ 2 + τ 2 Ψ 3 where
and where σ(r) = 4(1 + r) −2/5 and τ (r) = 5κ(1 + r) 3/5 .
Lemma 6.2. The products satisfy
The other terms satisfy
Apart from the cases that are immediate, this follows from the observation that B = B 1 i + B 2 j + B 3 k where (B i ) 2 = −2α 0123 , and similarly for the Ω terms. It is evident that the three 6-forms B ∧ ω 0123 , Ω ∧ α 0123 andāα ∧ᾱa ∧ ω 0123 are linearly independent at each point because, for example, B has "anti-self-dual" components, whileāα ∧ᾱa has "self-dual" components.
The above calculations demonstrate the following proposition.
Proposition 6.3.
The metric that is determined by Ψ is given by
and so an orthonormal coframe is given by { √ σα i , √ τ ω j }. The Hodge star operator therefore satisfies * (ω ∧ ω) = −σ 2ω ∧ ω ∧ α 0123 , * (ᾱ ∧ α) = −τ 2ᾱ ∧ α ∧ ω 0123 , * (āα ∧ᾱa) = τ 2ā α ∧ᾱa ∧ ω 0123 .
Proposition 6.4. * F A = − σ 2 κ 2 (1 − f r)Ω ∧ α 0123 (6.5)
We can note that for any function f , the terms involvingā( 1 2 α ∧ᾱ)a in Equations 6.4 and 6.5 coincide. We can therefore see that A defines a Spin(7)-instanton if the other terms coincide as well. By pure luck, perhaps, these two conditions give the same equation. That is, σ 2 κ 2 (1 − rf ) − 2στ rf ′ + 2f − rf 2 = −σ 2 κ 2 (1 − rf ).
These two facts; the coincidence of the coefficients ofā α∧ᾱ 2 a and the two conditions reducing to one equation; suggest a great deal of symmetry in this system of equations. For any functions σ and τ the metric constructed on Y is of cohomogeneity-one, and the isometries lift to automorphisms of the bundle E Y that preserve A. The author plans to make more precise this statement, and to study these connections on the asymptotically conical model for Y , as in the G 2 case earlier.
Then, using the above choices for σ and τ , we can conclude the following proposition. As in the previous example, for an instanton on the G 2 -manifold constructed by Bryant and Salamon, we can see that this ordinary differential equation is of Riccati type. The principal difference in this case is that there exists an inhomogeneous term, that comes in this case from the fact that the base point connection φ is not flat, as it was in the previous case. This can be overcome as follows. This substitution can be motivated geometrically. In establishing the ansatz above, we took the base connection on E Y to be the form φ pulled back from F . We can instead take the form ϕ = Im(a −1 da), which is defined away from the zero section {a = 0}. That is, ϕ = φ+1/rIm(āα), and so ϕ + gA 1 is a Spin(7)-instanton if g satisfies Equation 6.7. We can first note that g = 0 gives a solution, which shows that ϕ = Im(a −1 da) defines an instanton away from {r = 0}.
As noted above, Equation 6.7 is of Riccati type, so we can make a similar substitution. Suppose that g(r) = −y ′ (r)/y(r). Then y satisfies the equation .
If D is taken to be greater than −1, this function is singular only for r = 0, and the connection A is defined everywhere away from the zero section locus of Y . We note that D = 0 corresponds to the function f = 1/r or g = 0. This completes the proof of Theorem 1.3.
